Chaos, Solitons and Fractals 125 (2019) 108-118

journal homepage: www.elsevier.com/locate/chaos

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

Nonlinear Science, and Nonequilibrium and Complex Phenomena

Black-Scholes option pricing equations described by the Caputo n

generalized fractional derivative

Check for
updates

Aliou Niang Fall®, Seydou Nourou Ndiaye®, Ndolane Sene**

2 Laboratoire Lmdan, Département de Mathématiques de la Décision, Université Cheikh Anta Diop de Dakar, Faculté des Sciences Economiques et Gestion,

Dakar Fann, BP 5683, Senegal

b Centre de Recherche Economique Appliquées/Laboratoire Ingénierie Financiére et Economique (LIFE)/Faculté des Sciences Economiques et de Gestion,

Université Cheikh Anta Diop de Dakar, Dakar Fann, BP 5683, Senegal

ARTICLE INFO ABSTRACT

Article history:

Received 12 February 2019
Revised 13 April 2019
Accepted 22 May 2019

Keywords:

Fractional Black-Scholes equation
European option pricing
Analytical solutions

Fractional Black-Scholes equation is a constructive financial equation. The model is used to determine
the value of the option without a transaction cost. The analytical solutions of the fractional Black-
Scholes equations have been addressed. The Caputo generalized fractional derivative has been used. The
homotopy perturbation method has been developed for obtaining the analytical solutions of the frac-
tional Black-Scholes equation (BSE) and the generalized fractionalBSE. The analytical solutions of the frac-
tionalBSE and the generalized fractionalBSE have been represented graphically. The effect of the order p
of the generalized fractional derivative in the diffusion processes has been analyzed.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Fractional calculus attracts many mathematicians in the last
decade. It extends the integer-order differentiation and integra-
tion to non-integer order. Many models from physics [13,18,35],
mathematical modeling [13], finance and economics [38], mechan-
ics [12] can be modeled using the fractional derivatives.Fractional
calculus is important and introduced in many applications. The
fractional differential equations have played an important role in
the modeling of real-life problems in different fields (finance, eco-
nomics, mathematics). Many investigations and advancements re-
lated to the applications of fractional calculus to physical phenom-
ena and biological systems exist. We recall a few of them. In [20],
Iyiola et al. have addressed the fractional cancer tumor models,
have proposed the analytical solutions and the approximate solu-
tions using the homotopy analysis method and have discussed the
use of fractional order derivative in modeling the medical and bio-
logical models. In [21], lyiola et al. have proposed the analytical
solution of the nonlinear fractional 2D heat equation with non-
local integral term using the homotopy analysis method. In [22],
Iyiola et al. have addressed the exact and approximate solutions of
fractional diffusion equations with fractional reaction term using
the homotopy analysis method. In [31], Saad et al. have proposed
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the homotopy analysis method for solving a cubic isothermal auto-
catalytic chemical system. For more relevant and recent investiga-
tions in applications of fractional calculus in the real world prob-
lems, see Al-Mdallal et al. in [7-10], Abdeljawad et al. in [1,2],
Agarwal et al. in [5], and Aman et al. in [11]. There exist several
fractional differential equations in fractional calculus: the fractional
viscoelastic equations [35,39], the fractional burger equations [15],
the fractional Euler equations, the fractional diffusion equations
[18,19], the diffusion reaction equations [28], and many others. In
our paper, we are interested by the fractionalBSE [26], and the gen-
eralized fractionalBSE [16]. In the financial market, the value of an
option has several utilities.There exist many methods for deter-
mining the value of an option. The formula proposed by Fischer
Black and Myron Scholes in 1973 [14] is more useful. The scien-
tific community realizes the importance of the formula in 1997.
They have received economic medal field in 1997. In Finance, the
Black-Scholes equation (BSE) is used to evaluate the value of an
European option and the value of an American option. Historically,
Boness in 1964, Samuelson in 1965, Chen in 1970, propose a for-
mula to estimate the value of an option. Later, the results stated
by Boness, Samuelson, and Chen were extended by Fischer Black
and Myron Scholes. In 1973, they proposed an explicit formula to
evaluate the value of an option. The formula has physical concepts.
It's a parabolic diffusion equation. The formula was extended in its
general form by Cen et al. in [16]. As we will notice later, the BSE
is an ordinary differential equation. There exist many contributions
related to the approximate solutions and the numerical schemes
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for the Black-Scholes model [6,29,30]. The analytical solution is
also provided in the literature by Kumar, Yavuz, Sawangtong et al.
in [26,32,36].

The fractional calculus continues to attract many mathemati-
cians and econo-mists. Many of them conceived non-integer order
derivatives. We have the Riemann-Liouville derivative proposed by
Riemann and Liouville,see the definition in [25], the Caputo frac-
tional derivative proposed by Caputo, see the definition in [16], the
Caputo generalized fractional derivative proposed by Udita, see the
definition in [25], and the Hilfer fractional derivative proposed by
Hilfer, see the definition in [25]. Some important investigations re-
garding the theory of generalized fractional derivatives in the Ca-
puto and Riemann senses exist, refer to [3,4,17,23,24]. In this pa-
per, we are interested by the formalistic fractionalBSE and formal-
istic generalized fractionalBSE both described by the Caputo gen-
eralized fractional derivative. We use the term "formalistic” be-
cause we replace the integer order time derivative by the non-
integer order time derivative. There exist several papers propos-
ing the approximate solution and the numerical solution of the
fractionalBSE. We have the analytical solution proposed by Kumar
et al. using the homotopy perturbation method in [26], the analyt-
ical solution proposed by Yavuz et al. using the homotopy analysis
method in [36], a numerical scheme proposed by Akrami et al. in
[6], the approximate solution proposed by Ozdemir et al. using the
multivariante Padé method in [29], an analytical solution for the
fractionalBSE with two asset equations presented by Sawangtongn
et al. [32], an implicit scheme proposed by Song et al. in [37], the
approximate solution proposed by Phaochoo et al. using the mesh-
les local Petrov Galerkin method in [30]. Cen et al. in [16] have
proposed an extension of the fractionalBSE in [16]. In this paper,
we investigate the analytical solution of the fractionalBSE and the
generalized fractionalBSE both described by the Caputo generalized
fractional derivative. Recently, the Laplace transform of the Caputo
generalized fractional derivative (called the p-Laplace transform)
was introduced by Fahd and Thabet in [25]. In this paper, we com-
bine both the homotopy method and the p-Laplace transform. We
mainly focus — the effect of the order p in the diffusion pro-
cesses. We analyze the impact generated by the order p in the
fractionalBSE and the generalized fractional BSE. As proved with
the Riemann-Liouville fractional derivative, the Caputo fractional
derivative, the conformable fractional derivative, we will prove the
Caputo generalized fractional derivative is an excellent compromise
to describe the diffusion process of an option.

The paper is structured as follows: in Section 2, we recall the
fractional derivative operators which are necessary for this paper.
In Section 3, we recall the constructive equations related to the
Black-Scholes models. In Section 4, we recall the modified ho-
motopy perturbation method. In Section 5, we propose the ana-
lytical solution of the fractionalBSE described by the Caputo gen-
eralized fractional derivative and represent the obtained solution
graphically. In Section 6, we propose the analytical solution of the
generalized fractionalBSE described by the Caputo generalized frac-
tional derivative and represent the obtained solution graphically. In
Section 7, we give the concluding remarks.

2. Generalized fractional derivatives

In this section, we introduce certain generalized fractional
derivatives. The generalized fractional derivatives are: the
Riemann-Liouville generalized fractional derivative [25] and
the Caputo generalized fractional derivative [25]. We begin by
recalling the generalized fractional integral operator, we will use it
to define the generalized fractional derivatives.

Definition 1 [25]. Consider the function defined by f : [a, +00o[—
R. The generalized integral of order «, p >0 of the function f is

expressed in the following form
tP —gP

0= g [ (552) 5

where I'(...) is the Gamma function and t>aq, and O < < 1.

ds
sl-p’

(1)

Observe that we recover the fractional integral when the order
p = 1. We have the following definition.

Definition 2 [25,33]. Consider the function defined by f:
[a, +oo[— R. The fractional integral of order « of the function f
is expressed in the following form

t
(I F)(@) = (1) ) = ﬁ [ €9 rsras, @)
where I'(...) is the Gamma function and t>a, and O <o < 1.

Observe that we recover the classical integral when the order
o = 1. We use the generalized fractional integral to define the gen-
eralized fractional derivative in Riemann-Liouville sense. We have
the following definition.

Definition 3 [25]. Consider the function defined by f : [a, +o00o[—
R. The generalized fractional derivative of order o, p >0 of the
function f in Riemann-Liouville sense is expressed in the follow-
ing form

. » 1 d\ [ftr—sP\N . d
)0 = (00 = g (3) [ (555) st
3)

where I'(...) is the Gamma function and t>a, and O < < 1.

Observe that we recover the Riemann-Liouville fractional
derivative when the order p = 1. We have the following definition.

Definition 4 [25]. Consider the function defined by f : [a, +00o[—
R. The fractional derivative of order « of the function f in
Riemann-Liouville sense is expressed in the following form

t
(D ) (1) = l"(]l—oz)<dt> / (t —s) " f(s)ds, (4)

where I'(...) is the Gamma function, t>a, and 0 <« < 1.

Observe that we recover the classical first-order derivative
when « converges to 1 [25]. In the following definition, we recall
the Caputo generalized fractional derivative.

Definition 5 [25]. Consider the function defined by f : [a, +oo[—
R. The Caputo generalized fractional derivative (GFD) of order «,
p >0 of the function f is expressed in the following form

o B 1 Erth —sP\™Y
WD HO = r=g3 | (F5) s (5)

where I'(.) is the Gamma function and t>a, and 0 <o < 1.

We recall the p-Laplace transform of the CaputoGFD, recently
introduced in [25]. It plays an important role in our studies. The
p-Laplace transform of the CaputoGFD is defined by

n-1
Lo{@D*? YO} =s*Lo{f (O} = D s (¥ (0. (6)
k=0
where the p-Laplace transform of the function f is expressed as
follows
dt

o0 17
LSO = [ e f O %)
0 t=r
Let's f(t) =tP, with p> 0. We replace it into Eq. (7), we obtain the
following p-Laplace transform

r(1+2)

Lo{tP}(s) = p? N 8)
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We will use Eq. (8) in many calculations. Eq. (8) plays a fundamen-
tal role in the paper. We finish this section by the definition of the
Mittag-Leffler function. We have the following definition.

Definition 6 [33]. The Mittag-Leffler function with two parameters
is defined as follows

Evp@) =) =77 (9)
= T(ak+pB)
where @ >0, B R and z e C.

The Mittag-Leffler function will be used to express the analyti-
cal solutions of the fractionalBSE and the generalized fractionalBSE
both described by the CaputoGFD.

3. Constructive equations

In finance, the formalistic fractionalBSE described by the Caputo
fractional derivative [29] is defined by the following equation

02V av
o N v _ —
D¢ V+ S 952 +rS85 v =0, (10)
with the playoff function for call defined by
V(S,T) = max (S —E, 0), (11)

where V(S, t) denotes the value of an option at asset price S at
time t. T denotes the expiration date. E denotes the stock price of
the underlying stock. The function r denotes the risk-free interest
rate to expiration. The constant ¢ denotes the volatility of an un-
derlining asset. Furthermore, we add the following assumptions:
constant risk-less interest rate r, without transaction costs, possi-
bility to buy and to sell any number of stocks, no restriction short
selling at last, and we have an European option. We observe also
V(0,t) =0 and V(S, T)~S as S— oo. The fractionalBSE defined by
Eq. (10) can be rewritten as a parabolic diffusion equation. Let’s
the following transformations

S=Ee*

t=T-— V =Eu(x,t). (12)

Then Eq. (10) can be rewritten as the following form

,D“u_%Jr(kfl)—fku (13)
with initial boundary condition defined by
u(x,0) = max (e* — 1, 0), (14)

where k denotes the balance between the free interest rate and the
volatility of the stocks. In this paper, we replace the Caputo frac-
tional derivative by the generalized fractional derivative. We obtain
a formalistic Black-Scholes model. The objective will be to prove
the Caputo generalized fractional derivative is a good comprise to
describe the diffusion process of the value of an European option.
The fractionalBSE represented by the CaputoGFD is defined by

0%u

D‘”’u———k(k 1)%—ku, (15)

with initial boundary condition defined by
u(x,0) = max (e* - 1,0). (16)
The generalized fractionalBSE was introduced in the literature

by Cen in [16]. The model under consideration is defined by

-0. 06x8

:D*Pu = —0.08(2 + sinx)’x 9%

+0.06u, (17)

with initial boundary condition defined by

u(x,0) = max (x — 25e7°%, 0). (18)

4. Homotopy perturbation method with p-Laplace transform

In this section, we recall the modified homotopy perturbation
method used for solving the fractional differential equations. Let’s
the fractional differential equation defined by

D¥Pu(x,t) + Lu(x, t) + Nu(x, t) = g(x, t), (19)
with initial boundary condition defined as u(x, 0) = f(x). We con-
struct the following homotopy [27,34]

DY Pu(x, t) + p{Lu(x, t) + Nu(x,t) — g(x,t)} = 0, (20)

where the parameter p [0, 1] is called the homotopy parameter.
L denotes the linear operator which includes other integer or non-
integer derivatives. N represents the nonlinear operator. The func-
tion g is the source term. Note that when p =0, we obtain the
following generalized fractional differential equation:

D¥Pu(x,t) = 0. (21)

We notice when p = 1, we recover the initial generalized fractional
differential equation defined by

D¥Pu(x, t) + Lu(x, t) + Nu(x, t) = g(x. t).

By the classical perturbation method, the homotopy parameter p is
used to expand the solution in the following form

U, t) = uo(X, t) + pur (%, £) + P (X, ) + Pus(x, ) + ... (22)

Substituting Eq. (22) into Eq. (20), the functions ug, uy, uy, us, ...
become the solutions of the following fractional differential equa-
tions.

p° : D¥Puy(x,t) =0

p' i D& uy(x,t) = —Lug(x, t) — hy (uo (X, £)) + g(x, t);

p? 1 DY Pup(x.t) = —Lug (X, t) — hy(uo(x, ), uy (x, t));

P’ i DEPus(x,t) = —Lup (x, £) — h3(up(x, t), ty (x,£), Up (X, £));

(23)
satisfy the following condition

h(uo (%, £) 4+ puq (%, t) + pPua (x, £) + pPus(x,t) +...) = hy ((Uo(x, £))
+ phy (o (X, ), u (x, 1)) + p?hs (uo (x, £), ug (X, 1), Uz (X, £)) + ...

where the functions hy, hy, hs, ...

We determine the functions ug, uq, uy, us, ... by applying at each
step of Eq. (23), the p-Laplace transform. The boundary conditions
for Eq. (23) are given respectively by

U1 (x,0) =uy(x,0) =u3(x,0) =...=0. (24)

5. Analytical solutions for the fractional Black-Scholes
equation

In this section, we address the analytical solutions of the frac-
tional BSE and the generalized fractionalBSE both described by the
CaputoGFD. We will focus on the effect of the order p in the diffu-
sion process. We use the modified Homotopy method. TheBSE for
the value of an option described by the CaputoGFD (as defined in
Eq. (15)) is given by

92u
D%Pu = vl + (k-

with initial boundary condition (as defined in Eq. (16)) defined by

1)% ~ ku, (25)

u(x,0) = max (e* - 1,0). (26)

The fractionalBSE is an fractional diffusion equation. It is well
known, the fractional BSE (25) can be rewritten as a heat parabolic
equation.
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5.1. Homotopy perturbation method combined with p-Laplace
transform

In this section, we propose the analytical solution of theBSE de-
scribed by the CaputoGFD defined by Eq. (25). We use the modi-
fied homotopy method described in previous section. The novelty
of this section is the use of the Laplace transform of the CaputoGFD
recently introduced by Fahd et al. in [25]. The Laplace transform of
the CaputoGFD is called p-Laplace transform.

In first iteration p°, we solve the fractional differential equation
defined by

D*Puy(x,t) =0, (27)

with initial boundary condition defined byug(x,0) = u(x,0) =
max (e¥ — 1,0). Applying the p-Laplace transform to both sides of
Eq. (27), we have
s®ug(x,s) —s* up(x,0) =0
s%Ug(x, 5) = s* Tuy(x, 0)
s%Ug(x,s) = s* ' max (¢ — 1,0)
max (e — 1,0)
I —

Applying the inverse of p-Laplace transform to both sides of Eq.
(28), we obtain the analytical solution of the fractional differential
equation defined by Eq. (27)

Ug(x,t) = max (e — 1, 0). (29)

ug(x,s) = (28)

In second iteration p!, we reduce the fractional differential equa-
tion defined by

9%u ou
DAy = 4 (k= 1) =57 — kug
= max (e*,0) + (k — 1) max (¢*,0) — kmax (e* — 1, 0)
= kmax (¢*, 0) — kmax (¢ — 1, 0), (30)

with boundary condition defined by uq(x,0) = 0. Applying the p-
Laplace transform to both sides of Eq. (30), we have

kmax (e*,0) kmax(e*-1,0)
s B s
kmax (e*,0) kmax(e*-1,0)

s%uq(x, ) — s 'uy (x,0) =

sfui(x,s) = p s
kmax (e, 0 kmax (e —-1,0
U (X’ S) = leEot ) - 5(1+a ) (31)

Applying the inverse of p-Laplace transform to both sides of Eq.
(31) and using identity (8), we obtain the analytical solution of the
fractional differential equation defined by Eq. (30)

kmax (e —1,0) | /tP\*
N CET)) ](p)‘ (32)

k max (e*, 0)
'a+ow

ul(x,t):|:

In third iteration p?, we reduce the fractional differential equation
defined by

2
D*Pu, = 88:21 + (k- 1)% — kuy
= —kuy
k? max (e¥,0) k?max (e¥—1,0) |/tP\*
= |- — 33
[ TAt+a) | Tta) (p)’ (33)

with boundary condition defined by u;(x,0) = 0. Applying the p-
Laplace transform to both sides of Eq. (33), we have

k? max (e¥,0) k*max (e* —1,0)
- sl+a sl+a

k? max (e¥,0) k*?max (e* —1,0)
- sl+a sl+a

s%uy(x, ) — s uy(x,0) =

s“Uy (X, 8) =

k? max (e*, 0)
- s1+2a

k? max (¥ — 1,0)

U (X, ) = sl+2a

. (34)

Applying the inverse of p-Laplace transform to both sides of Eq.
(34) and using identity (8), we obtain the analytical solution of the
fractional differential equation defined by Eq. (33)

k? max (e*, 0) . k? max (¥ — 1, 0):|([P)2a. (35)

(14 2a) '(1+2a) P

We repeat the same reasoning for the other iterations p3, p4, ..
Note, we have to solve for all n> 2 the following fractional differ-
ential equation

32un—l aun—]
0x2 ax

Finally, the approximate solution of the fractionalBSE described by
the CaputoGFD is given by

Uy (x,t) = —|:

D%Pu, = +k-1)

— kun,l.

u(x, t) = ug(x, t) + puy (x, t) + pPur (x, t) + pPus(x,t) +... (36)

When p converges to 1, we have the following analytical solution
k tP\“
— X —_ —_— —
u(x,t) = max (e 1,0){1 I +a)(p)
k? P\
()
'a+2a)\p
k tP\*
emaxeoft1- (%)
k? P\
()
'a+2a)\p
tP\*
=max (e —1,0)Ey (—k() )
0
P\
+ max (&%, 0){1 —Ey <_k<p> ) }

The explicit analytical solution of the fractionalBSE described by
the CaputoGFD is given by

u(x,t) = max (e* —1,0)E, (—k(ij)a>
+ max (e",O){l —E, (-k(t;)a)}. (37)

Observe that we recover the analytical solution of the frac-
tionalBSE described by the CaputoGFD when p = 1. We have the
following analytical solution

u(x,t) = max (e* — 1, 0)Ey (—kt*) + max (e, 0){1 — Eo (—kt*)}.
(38)

Observe that we recover the analytical solution of the classi-
calBSE [26] when o = p = 1. We have the following approximate
solution

u(x, t) = max (¢* — 1,0)e™ 4+ max (e*, 0){1 — e™*}. (39)
5.2. Interpretation and utility of the approximate solutions

Let the fractionalBSE Eq. (25) defined with the risk-free inter-
est rate r=0.01 and the stock’s volatility o = 0.03. The balance
between the free-interest rate and the stock’s volatility is given by
the following expression k = 2L The classical values of the options
(¢ = p =1) are simulated in Fig. 1. In Fig. 2, we have depicted the
values of the options for « =1 and p = 0.65. The values of the
options for & = p = 0.65 are depicted in Fig. 3. The differences ex-
isting between Figs. 1-3 can be seen in Figs. 4 and 5. We note the
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0.5 0 0 t

Fig. 1. Values of the options for o« = p = 1.

150

100 —

50

S 0 0

0.5

Fig. 2. Values of the options for @ = 1 and p = 0.65.

analytical solution of the fractionalBSE and the analytical solution
of the classicalBSE are in good agreement.

In Table 1 are assigned the values of the European option when
the CaputoGFD is used. For clarity, the used conversion to obtain
the value in Table 1 are

S =Ee*, t=T—i—2, V =Ev(x, 1) (40)

We observe the order p has an acceleration effect in the diffu-
sion process when p < 1, see Fig. 4. The order p has an retardation
effect in the diffusion process when p > 1, see Fig. 5. Thus, it im-
pacts the price of the European option. We observe a slight delay
in the cost of the European option when p > 1.

6. Analytical solutions for the generalized fractional
Black-Scholes equation

In this section, we address the analytical solution of the gen-
eralized fractionalBSE proposed by Cen in [16]. The generalized
fractional differential equation under consideration is given by Eq.
(17) with initial boundary condition defined by Eq. (18).

6.1. Homotopy perturbation method combined with p-Laplace
transform

In this section, we solve the generalized fractional BSE described
by the CaputoGFD defined by Eq. (17). As in Section 5, we combine
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Fig. 3. Values of the options for o = p = 0.65.

60 T T T

I =1;9=0.85

Fig. 4. Values of the options for « =1 and p <1, t = 0.5 years.

both the homotopy perturbation method and the p-Laplace trans-
form.

The first iteration p°, we solve the fractional differential equa-
tion defined by

D¥Pug(x,t) =0, (41)

with boundary condition defined by ug(x,0) =u(x,0)=
max (x—25e‘°-05,0). Applying the p-Laplace transform to both
sides of Eq. (41), we have

s%Up(x,5) —s* ug(x,0) =0

4
s%Ug(x, ) = s* luy(x, 0)
s%Ug(x, s) = s* ! max (x — 25¢-0.06 O)
max (x — 25¢-0.06 0)
ug(x,s) = . (42)

S

Applying the inverse of p-Laplace transform to both sides of Eq.
(42), we obtain the analytical solution of the fractional differential
equation defined by Eq. (41)

Up(x, t) = max (x — 25e7°%, 0). (43)
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60 T T T

I -1;=5.025

Fig. 5. Values of the options for « =1 and p > 1, t = 0.5 years.

Table 1

Values of European option.
o 1 1 1 1 1 1 1
p 065 1 0.65 1 0.95 1 1.5
o 003 0.03 0.2 0.2 0.1 0.1 0.1
r 0.01 0.01 0.05 0.05 0.08 0.08 0.08
T 1 1 1 1 1 1 1
T 0.5 0.5 0.5 0.5 0.5 0.5 0.5
E 100 100 100 100 100 100 100
S 100 100 100 100 100 100 100
u 0.8868 0.6708 0.9138 0.7135 09998 0.9997 0.9770
vV 88.68 67.08 91.38 7135 99.98 99.97 97.70

The second iteration p!, we solve the fractional differential
equation defined by

azllo 3”0
s — 0-06x -2 +0.06ug

= —0.06xmax (1, 0) + 0.06 max (x — 25¢~°%, 0)
—0.06x + 0.06 max (x — 25, 0), (44)

with boundary condition defined byu;(x,0) = 0. Applying the p-
Laplace transform to both sides of Eq. (44), we have

D%Pu; = —0.08(2 + sinx)*x?

0.06x 0.06max (x —25e7%%,0
SUU (%, 8) — ¥ MUy (%, 0) = — o 4 ( )

S s
0.06 max (x — 25e70% 0
s"‘ul (X, S) _ _0.06X n ( )
§ s
0.06x 0.06 max (x —25e7°% 0
t (X’ S) = sl+a h (51+a ) . (45)

Applying the inverse of p-Laplace transform to both sides of Eq.
(45) and identity (8), we obtain the analytical solution of the frac-
tional differential equation defined by Eq. (44)

0.06 max (x — 25e-09 0 NG
0.06x ( ):|<t )  (46)

u;(x,t) = |:_F(1+oz) +

Td+a) )

In third iteration p?, we solve the fractional differential equa-
tion defined by
2
0,082 + sinx)2 M _ 0.06x2M 1 0,061,

xz 9x
= 0.06u,
_ [ ooex |
N 'l+aw)

with boundary condition defined byu,(x,0) = 0. Applying the p-
Laplace transform to both sides of Eq. (47), we have

D""/’uz

0.06 max (x — 257006, 0) | /¢p\@
.
ra+a) 0

—0.062 (x — max (x — 25e~0.9))
s%uy(x, ) —s* luy(x,0) =

s
—0.062 (x — max (x — 25e~0.9))
o —
s%uy(x,8) = S
—0.06%(x — max (x — 25e006))
Uy (x,5) = 51+2§x ) ) (48)

Applying the inverse of p-Laplace transform to both sides of Eq.
(48) and using identity (8), we obtain the analytical solution of the
fractional differential equation defined by Eq. (47)

.6 — | - 0.062x .
25V TTA + 20)

I(1+2a) o

(49)

We repeat the same procedure in the other iterations p3, p?, ...
Note, we have to solve for all n> 2 the following fractional differ-
ential equation
82un—l 8un—1

92 +(k-1) I
The analytical solution of the generalized fractionalBSE described
by the CaputoGFD is given by

0.062 max (x — 25¢-0, 0) } (tp )2a

D¥Pu, = — kuy_q.

ux,t) =ug(x, t) + puy (x, t) + p*us(x, t) + pPus(x, t) +... (50)
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Fig. 9. Values of the options for o = p = 0.65.
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When p converges to 1, we have the following analytical solution

u(x, t) = max (x — 25e7%%, 0) + {x — max (x — 25¢ )}

i () v (5)

max (x — 25e~°%, 0) + {x — max (x — 25e 706, 0)}

tP\*
1-E, o.oe(f) .
s (coe(
Finally, the analytical solution of the generalizedBSE described by

the CaputoGFD is in the following form
u(x, t) = max (x — 25e~%, 0) + {x — max (x — 257, 0)}

x{l _E, (o.os(tpp)a”. (51)

Observe that we recover the analytical solution of the gener-
alizedBSE described by the CaputoGFD when p = 1. We have the
following analytical solution

u(x, t) = max (x — 25e7%, 0) + {x — max (x — 257, 0)}
x{1 — Eq(0.06t%)}. (52)

Observe that we recover the analytical solution of the gen-
eralizedBSE described by the integer order time derivative when
o = p = 1. We have the following analytical solution

u(x, t) = max (x — 25e7%, 0) + {x — max (x — 257, 0)}
{1 — 006}, (53)

6.2. Interpretation and utility of the approximate solutions

We analyze the effect of the order p in the diffusion process.
The values of the options when the orders « =1 and p = 0.65 are

depicted in Fig. 6. The values of the options when the orders o =
0.65 and p =1 are depicted in Fig. 7. The values of the options
when o = p = 0.65 are depicted in Fig. 8.

In Fig. 9, we represent the values of the options graphically
when we fix @ = 1 and the time ¢t = 0.5 and the values of the order
p < 1. The order of the profiles follows the decrease of the order p.
We notice the order p has a retardation effect in the diffusion pro-
cesses. Thus, we note decay in the cost of the option. In Fig. 10, we
depicted the values of the options graphically when we fix a =1
and the time t = 0.5 and the values of the order p > 1. The order
of the profiles follows the increase of the order p. We conclude the
order p has an acceleration effect in the diffusion processes. Thus
we note an increase in the cost of the option.

7. Conclusion

In this paper, we have discussed the analytical solution of
theBSE and the analytical solution of the generalizedBSE both de-
scribed by the CaputoGFD. The order p of the CaputoGFD has a
retardation in the diffusion process when p <1, thus we note de-
cay in the cost of the European option. The order p of the Ca-
putoGFD has an acceleration effect in the diffusion process when
p > 1, thus an increase in the cost of the European option. Note the
classicalBSE is recovered when the order o = p = 1. The numerical
schemes of theBSE will be the subject of future investigations in a
forthcoming paper.
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